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SCATTERING THEORY IN HOMOGENEOUS SOBOLEV SPACES FOR
SCHRO¨DINGER AND WAVE EQUATIONS WITH ROUGH POTENTIALS
HARUYA MIZUTANI
Abstract. We study the scattering theory for the Schro¨dinger and wave equations with rough
potentials in a scale of homogeneous Sobolev spaces. The first half of the paper concerns with an
inverse-square potential in both of subcritical and critical constant cases, which is a particular
model of scaling-critical singular perturbations. In the subcritical case, the existence of the
wave and inverse wave operators defined on a range of homogeneous Sobolev spaces is obtained.
In particular, we have the scattering to a free solution in the homogeneous energy space for
both of the Schro¨dinger and wave equations. In the critical case, it is shown that the solution
is asymptotically a sum of a n-dimensional free wave and a rescaled two-dimensional free wave.
The second half of the paper is concerned with a generalization to a class of strongly singular
decaying potentials. We provides a simple criterion in an abstract framework to deduce the
existence of wave operators defined on a homogeneous Sobolev space from the existence of the
standard ones defined on a base Hilbert space.
1. Introduction
The present paper is mainly concerned with the scattering theory for the following Schro¨dinger
and wave equations in homogeneous Sobolev spaces:
i∂tu+∆u− V (x)u = 0, u|t=0 ∈ H˙s;
∂2t v −∆v + V (x)v = 0, (v, ∂tv)|t=0 ∈ H˙s × H˙s−1,
where H˙s = H˙s(Rn) denotes the homogeneous Sobolev space of order s. The purpose of the
present work is twofold. The first half is concerned with the inverse-square potential V (x) =
a|x|−2 with a ≥ −(n−2)2/4 and n ≥ 3, which can be regarded as a particular example of scaling-
critical singular potentials. In the subcritical case a > −(n−2)2/4, we prove the existence of the
wave and inverse wave operators defined on H˙s for the Schro¨dinger equation or on H˙s × H˙s−1
for the wave equation, respectively, for a range of s including the case s = 1. In particular, we
obtain the scattering to a free solution in the homogeneous energy space. In the critical case
a = −(n − 2)2/4, we also study the asymptotic behaviors of the solutions which are different
from the subcritical case. The second half of the paper is devoted to a generalization of the
first half part to an abstract framework. Our method can be applied to a wide class of strongly
singular potentials, including a rough potential V ∈ Ln/2(Rn) with a small negative part.
Let us briefly explain the main results of the paper, describing some motivation from nonlinear
scattering theory. Since a seminal work by Burq et al [5, 6] on the Strichartz estimates, the
following nonlinear Schro¨dinger (NLS) and nonlinear wave (NLW) equations with an inverse-
square potential have attracted increasing attention from a scattering theory viewpoint (see
[5, 40, 19, 23, 34, 39] and reference therein for (1.1) and [24, 25] for (1.2), respectively):
i∂tu−Hau = λ|u|p−1u, u|t=0 = u0; (1.1)
∂2t v +Hav = −λ|v|p−1v, (v, ∂tv)|t=0 = (v0, v1), (1.2)
1
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whereHa = −∆+a|x|−2, u : R×Rn → C and v : R×Rn → R. In particular, the following results
on the nonlinear scattering in the energy critical case were proved in [19, 24]. For simplicity, we
state the defocusing case only (see Remark 1.2 on the focusing case).
Theorem A ([19] for (1.1) and [24] for (1.2)). Let λ = 1, p = 1 + 4/(n − 2) and suppose that
n =
{
3 for (1.1),
3 or 4 for (1.2),
a > −(n− 2)
2
4
+ cn, cn =
{
1
25 if n = 3,
1
9 if n = 4.
Then the following statements are satisfied:
• For any u0 ∈ H˙1, (1.1) has a unique global solution u ∈ C(R; H˙1) which scatters to a
linear solution in H˙1 in the sense that there exist unique u± ∈ H˙1 such that
lim
t→±∞
‖u(t)− e−itHau±‖H˙1 = 0.
• For any ~v0 = (v0, v1) ∈ H˙1 × L2, (1.2) has a unique global solution ~v = (v, ∂tv) ∈
C(R; H˙1 × L2) which scatters to a linear solution in H˙1 × L2, i.e., there exist unique
~v± ∈ H˙1 × L2 such that
lim
t→±∞
‖~v(t)− Sa(t)~v±‖H˙1×L2 = 0.
Here Sa(t) denotes the evolution group for the linear wave equation associated with Ha (see
(2.4) below). This theorem shows that the global dynamics of (1.1) and (1.2) are asymptotically
governed by the linear evolution groups e−itHa and Sa(t), respectively. Note that e
−itHa and
Sa(t) still depend on the linear potential a|x|−2. On the other hand, by employing for instance
the Strichartz estimates proved in [5], one can prove the scattering to a free solution for e−itHa
in L2 and for Sa(t) in H˙
1/2 × H˙−1/2, respectively: if n ≥ 3, a > −(n − 2)2/4, u0 ∈ L2 and
~v0 ∈ H˙1/2 × H˙−1/2, then there exist unique u± ∈ L2 and ~v± ∈ H˙1/2 × H˙−1/2 such that
lim
t→±∞
‖e−itHau0 − e−itH0u±‖L2 = 0, (1.3)
lim
t→±∞
‖Sa(t)~v0 − S0(t)~v±‖H˙1/2×H˙−1/2 = 0, (1.4)
respectively. However, these nonlinear and linear scattering results are not sufficient to ensure
the scattering to a free solution for the solution to (1.1) or (1.2) since there is no embeddings
between two different homogeneous Sobolev spaces. There seems to be no previous literature,
except for [25], on the scattering to a free solution for (1.1) or (1.2) if a, λ 6= 0. Recently, the
authors of [25] showed (1.4) with H˙1/2×H˙−1/2 replaced by H˙1×L2 for radial initial data, which
implies the scattering to a free solution in H˙1 × L2 for the solution to (1.2) under the radial
symmetry and conditions in Theorem A.
In the first half part, we show the scattering to a free solution in the homogeneous energy
space without the radial symmetry, namely (1.3) and (1.4) with L2 and H˙1/2 × H˙−1/2 replaced
by H˙1 and H˙1 × L2, respectively. Together with Theorem A, this leads the following result:
Corollary 1.1. Let u(t) and ~v(t) be the global solutions to (1.1) and (1.2), respectively, obtained
by Theorem A. Then, there exist u± ∈ H˙1 such that u(t) = e−itH0u± + o(1) in H˙1 as t→ ±∞.
Similarly, there exist ~v± ∈ H˙1 × L2 such that ~v(t) = S0(t)~v± + o(1) in H˙1 × L2 as t→ ±∞.
Remark 1.2. We here give a few remarks on Corollary 1.1.
(1) In fact we prove that (1.3) and (1.4) hold with L2 and H˙1/2 × H˙−1/2 replaced by H˙s
and H˙s × H˙s−1, respectively, for a range of s including the cases s = 1, 1/2.
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(2) The scattering to a linear solution in the homogeneous energy space for the focusing
(λ = −1), energy critical case with the energy less than that of the ground state has been
also studied by [39] for (1.1) (under the radial symmetry) and [24] for (1.2), respectively.
For these models, one can also obtain the scattering to a free solution by the same
argument as above.
In the first half part, the critical case a = −(n− 2)2/4 is also studied. We show in the critical
case that the radial part of e−itHau0 coincides with a rescaled two-dimensional free solution
U∗eit∆R2Uu0 where U is a unitary from L
2
rad(R
n) to L2rad(R
2), while the other part scatters to a
free solution e−itH0u±. A similar property for Sa(t) is also proved. This shows that the global
behavior for e−itHa or Sa(t) in the critical case is different from the subcritical case.
The argument in the first half part uses several specific properties of Ha. Among others,
the equivalence between the homogeneous Sobolev norm ‖Hs/2a f‖L2 associated with Ha and the
standard one ‖f‖H˙s established by Killip et al [20] plays an important role. More precisely, a
crucial point to prove the scattering in H˙s is that such a norm equivalence holds for some s′
satisfying s < s′. A similar argument is also used in case of the wave equation. However, it seems
to the author that this condition is too strong, especially when generalizing to a wide class of
strongly singular potentials or to an abstract framework. In the second half part, an alternative
approach to ensure the scattering in H˙s is established. We provide a simple criterion in an
abstract framework to deduce the existence of the wave operators defined on a homogeneous
Sobolev space from the existence of the standard ones defined on a base Hilbert space. This
criterion requires the norm equivalence only up to H˙s and a few additional assumptions. For
instance, in case of the Schro¨dinger equation i∂tu−H0u− V (x)u = 0, the existence of the wave
and inverse wave operators,
s-lim
t→±∞
eit(H0+V )e−itH0 , s-lim
t→±∞
eitH0e−it(H0+V )Pac(H0 + V ),
defined as the strong limits on H˙1, can be deduced from the existence of the standard ones defined
on L2 (which is well understood), the norm equivalence between ‖f‖H˙1 and ‖(H0 + V )1/2f‖L2
and the compactness on L2 of the operator
〈H0〉1/2
{
(H0 + i)
−1 − (H0 + V + i)−1
}
= 〈H0〉1/2(H0 + V + i)−1V (H0 + i)−1.
The last condition is much easier to prove than the norm equivalence beyond H˙1. For instance,
it follows from theH0-form compactness of V . Moreover, our criterion can be applied to not only
a pair of the Schro¨dinger evolution groups (e−itH0 , e−it(H0+V )), but also (e−itf(H0), e−itf(H0+V ))
for a class of functions f , which particularly includes the case f(λ) = λα with α > 0. Hence it
can be applied to prove the existence of wave operators on homogeneous Sobolev spaces for the
half wave equations i∂tu ±
√
H0 + V u = 0, as well as the wave equation ∂
2
t v +H0v + V v = 0.
The second half part is a continuation of our previous work [28] in which the scattering theory
for Schro¨dinger equations has been studied in a scale of inhomogeneous Sobolev spaces.
The mathematical study of the linear scattering theory, especially the wave operators, has
a long history and there is a huge amount of literatures. We only refer to some monographs
[31, 32, 37, 38] for the Schro¨dinger equation and [21] for the wave equation. There are also many
works on the scattering to a linear solution (not a free solution) for the nonlinear NLS equation
with a rough linear potential having a small negative part (see, in addition to aforementioned
papers, [13, 1, 22, 14] and references therein). The long time asymptotics of small solutions to
the NLS equations with a localized large linear potential has been also extensively studied (see
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e.g., [33, 35, 12, 26, 7, 30] and references therein). It however seems to the author that the linear
scattering theory in homogeneous Sobolev spaces has attracted less interest except for the wave
equation in the energy space. For the linear scattering theory in inhomogeneous Sobolev spaces,
in addition to our previous work [28], we refer to [10, 36].
Organization of the paper. Section 2 is concerned with the scattering theory with the
inverse-square potential. The abstract criterion is given in Section 3. Some applications to
the Schro¨dinger and wave equations with rough potentials are studied in 4. In Appendix A, we
record the invariance principle of the wave operators which will play an important role in case
of the wave equation.
Notation. The following standard notations are used in the paper:
• Hs = Hs(Rn) and H˙s = H˙s(Rn) denote the L2-based inhomogeneous and homogeneous
Sobolev spaces of order s, respectively;
• B(X,Y) (resp. B∞(X,Y)) denotes the family of bounded (resp. compact) operators from
X to Y. We also set B(X) = B(X,X) and B∞(X) = B∞(X,X).
• Given a self-adjoint operator A, Pac(A) denotes the projection onto the absolutely con-
tinuous subspace of A. Moreover EA(·) is the spectral measure associated with A;
• σ(A), ρ(A) ⊂ C denote the spectrum and the resolvent set for an operator A, respectively.
2. Scattering theory for the inverse-square potential
This section is devoted to a scattering theory for the Schro¨dinger and wave equations with
the inverse-square potential. Throughout the section we always assume n ≥ 3. Let
Ha := −∆+ a|x|−2
be the Schro¨dinger operator with the inverse-square potential on Rn, where ∆ =
∑n
j=1 ∂
2
j is the
Laplacian. To be more precise, thanks to the sharp Hardy inequality
(n− 2)2
4
∫
|x|−2|u|2dx ≤
∫
|∇u|2dx, u ∈ C∞0 (Rn), (2.1)
the quadratic form
Qa(u) =
∫ (|∇u|2 + a|x|−2|u|2) dx, u ∈ C∞0 (Rn),
is non-negative and closable if a ≥ −(n− 2)2/4. Then Ha is defined as its Friedrichs extension,
that is a unique self-adjoint operator generated by the closure of Qa. Since Ha is non-negative,
one can define its square root |Da| = H1/2a via the spectral theorem, namely
|Da| =
∫ ∞
0
λ1/2dEHa(λ)
where dEHa is the spectral measure associated with Ha. By Hardy’s inequality (2.1),
Qa(u) ≤ C‖u‖2H˙1 , u ∈ C∞0 (Rn) (2.2)
for all a ≥ −(n− 2)2/4. Moreover, one has
‖u‖2
H˙1
≤ CQa(u), u ∈ C∞0 (Rn) (2.3)
if and only if a > −(n− 2)2/4. In particular, the form domain D(|Da|) of Ha coincides with H1
if and only if a > −(n − 2)2/4. When a = −(n − 2)2/4, D(|Da|) is strictly larger than H1 due
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to the optimality of Hardy’s inequality (2.1). We call the case a = −(n− 2)2/4 critical and the
case a > −(n− 2)2/4 subcritical, respectively.
Let H˙sa = H˙
s
a(R
n) be the homogeneous Sobolev space of order s adapted to the operator Ha,
that is the completion of C∞0 (R
n) with respect to the following pseudo-norm
‖f‖
H˙sa
:= ‖|Da|sf‖L2 .
From the above argument, for a > −(n−2)2/4 and |s| ≤ 1, H˙sa is well defined and coincides with
the standard space H˙s. Indeed, this follows from (2.2) and (2.3) if s = 1. The duality argument
implies the case s = −1. The case −1 < s < 1 follow by interpolating between these two cases.
Moreover, the following norm equivalence proved by [20] plays an essential role in this section.
Lemma 2.1 ([20, Theorem 1.2]). For a ≥ −(n− 2)2/4 we set
σ = σ(n, a) := 1 +
√
(n− 2)2
4
+ a.
Suppose that 0 < s < min{n/2, 2, σ}. Then there exist constants C2 > C2 > 0 such that
C1‖f‖H˙s ≤ ‖|Da|sf‖ ≤ C2‖f‖H˙s , f ∈ C∞0 (Rn).
By the same argument as above, Lemma 2.1 implies that, for |s| < min{n/2, 2, σ}, H˙sa is
well-defined and coincides with H˙s.
Let e−itHa and Sa(t) be the evolution groups associated with the following Schro¨dinger and
wave equations with the inverse-square potential, respectively:
i∂tu−Hau = 0, u|t=0 = u0;
∂2t v +Hav = 0, (v, ∂tv)|t=0 = (v0, v1).
where, in the matrix form, Sa(t) is given by
Sa(t) =
(
cos(t|Da|) |Da|−1 sin(t|Da|)
−|Da| sin(t|Da|) cos(t|Da|)
)
. (2.4)
Note that these coincide with the free evolutions if s = 0: e−itH0 = eit∆ and
S0(t) =
(
cos(t|D|) |D|−1 sin(t|D|)
−|D| sin(t|D|) cos(t|D|)
)
, |D| = (−∆)1/2.
Since e−itHa commutes with Ha, the spectral theorem implies that e
−itHa also commutes with
ϕ(Ha) for any ϕ ∈ L2loc(R). In particular, choosing ϕ(λ) = |λ|s/2, we see that e−itHa extends
to a unitary on H˙sa if |s| < min{n/2, 2, σ}. This property and Lemma 2.1 imply that for any
|s| < min{n/2, 2, σ}, there exists C > 1 independent of t such that
C−1‖f‖H˙s ≤ ‖e−itHaf‖H˙s ≤ C‖f‖H˙s . (2.5)
By the same argument, if |s| < min{n/2, 2, σ} and s − 1 > −min{n/2, 2, σ} then Sa(t)
extends to a unitary on H˙s × H˙s−1 and satisfies
C−1‖~f‖H˙s×H˙s−1 ≤ ‖Sa(t)~f‖H˙s×H˙s−1 ≤ C‖~f‖H˙s×H˙s−1 . (2.6)
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2.1. Subcritical case. Now we are ready to state the main result for the subcritical case.
Theorem 2.2. If a > −(n− 2)2/4 and |s| < min{n/2, 2, σ} then the following statements hold.
• The following Schro¨dinger-type wave and inverse wave operators defined on H˙s exist:
W˚±s (Ha,H0) := s-limt→±∞
eitHae−itH0 ,
W˚±s (H0,Ha) := s-limt→±∞
eitH0e−itHa ,
where s-limt→±∞ denotes the strong limit on H˙
s. In particular, for any u0 ∈ H˙s, there
exist unique u± ∈ H˙s such that
lim
t→±∞
‖e−itHau0 − e−itH0u±‖H˙s = 0. (2.7)
• Assume in addition that s > 1 − min{n/2, 2, σ}. Then the following wave-type wave
and inverse wave operators defined on H˙s × H˙s−1 exist:
Ω˚±s (Sa, S0) := s-lim
t→±∞
Sa(−t)S0(t),
Ω˚±s (S0, Sa) := s-limt→±∞
S0(−t)Sa(t),
where s-limt→±∞ denotes the strong limit on H˙
s × H˙s−1. In particular, for any ~v0 ∈
H˙s × H˙s−1, there exist unique ~v± ∈ H˙s × H˙s−1 such that
lim
t→±∞
‖Sa(t)~v0 − S0(t)~v±‖H˙s×H˙s−1 = 0. (2.8)
Note that, by (2.5) and (2.6), eitHae−itH0 (resp. Sa(−t)S0(t)) is bounded on H˙s (resp. H˙s ×
H˙s−1) uniformly in t ∈ R. Hence the above definitions of wave operators make sense.
Remark 2.3. We give a few comments on this theorem.
(1) For s = 0, W˚±0 (Ha,H0) and W˚
±
0 (H0,Ha) are the standard wave and inverse wave oper-
ators defined on L2, respectively, whose existence was proved by [4]. Hence the novelty
of this theorem lies in the case s 6= 0. For the standard ones, the intertwining property
ϕ(Ha)W˚
±
0 (Ha,H0) = W˚
±
0 (Ha,H0)ϕ(H0)
holds for any ϕ ∈ L2loc(R) (see [31]). This property combined with (2.5) implies that
W˚±0 (Ha,H0) and W˚
±
0 (H0,Ha) extend to bounded operators on H˙
s. We however stress
that this does not mean in general the existence of W˚±s (Ha,H0) and W˚
±
s (H0,Ha).
(2) Since σ > 1 if a > −(n−2)2/4, one can always take s = 1 in Theorem 2.2. Hence we have
the scattering to a free solution in the homogeneous energy space for the Schro¨dinger
and wave equations associated with Ha which, together with A, leads Corollary 1.1 . As
mentioned above, under the radial symmetry, (2.8) with s = 1 was proved by [25] using
a different method. Theorem 2.2 covers a wider range of s without radial symmetry.
In fact, the asymptotic behavior of the (radial) solutions does not fit into the frame-
work of neither the short-range scattering nor the standard modified scattering (see
Theorem 2.7 below).
The following summarizes a few basic properties of the Schro¨dinger-type wave operators.
Corollary 2.4. The Schro¨dinger-type wave operators satisfy the following properties:
(1) W˚±s (Ha,H0) (resp. W˚
±
s (H0,Ha)) are isometries from H˙
s to H˙sa (resp. H˙
s
a to H˙
s);
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(2) W˚±s (Ha,H0)
∗ = W˚±s (H0,Ha). Moreover, we have
W˚±s (H0,Ha)
∗W˚±s (Ha,H0) = IH˙s ,
W˚±s (Ha,H0)W˚
±
s (Ha,H0)
∗ = I
H˙sa
;
(3) For any ϕ ∈ L2loc(R), the intertwining property holds:
ϕ(Ha)W˚
±
s (Ha,H0) = W˚
±
s (Ha,H0)ϕ(H0),
ϕ(H0)W˚
±
s (H0,Ha) = W˚
±
s (H0,Ha)ϕ(Ha).
Note that similar properties as items (1) and (2) also hold for the wave-type wave operators
with H˙s and H˙sa replaced by H˙
s × H˙s−1 and H˙sa × H˙s−1a , respectively.
The proof of Theorem 2.2 essentially relies on Lemma 2.1 and the following Kato-smoothness
result proved by [18] for the free case a = 0 and by [4] for general cases (see also [6]).
Lemma 2.5. Let a > −(n− 2)2/4. Then |x|−1 is Ha-smooth in the sense that
‖|x|−1e−itHau0‖L2(R1+n) ≤ C‖u0‖L2(Rn).
Proof of Theorem 2.2. The proof is decomposed into several steps.
Step 1. We first prove the existence of the standard wave and inverse wave operators
W˚±0 (Ha,H0), W˚
±
0 (H0,Ha). We consider the existence of W˚
+
0 (H0,Ha) only, otherwise the proofs
being similar. LetW (t) = eitH0e−itHa , u ∈ D(Ha) and v ∈ D(H0). Note that D(Ha) and D(H0)
are dense in L2. Differentiating 〈W (t)u, v〉 in t and integrating over the interval (t′, t) imply
〈(W (t)−W (t′))u, v〉 = −ia
∫ t
t′
〈|x|−1e−iτHu, |x|−1e−iτH0v〉dτ
where 〈f, g〉 = ∫
Rn
fgdx. It follows from this formula and Lemma 2.5 with a = 0 that
|〈(W (t)−W (t′))u, v〉| ≤ C‖|x|−1e−iτHu‖L2((t′,t)×Rn)‖v‖L2
Taking the supremum over v ∈ D(H0) with the condition ‖v‖L2 = 1, we obtain
‖(W (t)−W (t′))u‖L2 ≤ C‖|x|−1e−iτHu‖L2((t′,t)×Rn).
Since ‖|x|−1e−iτHu‖L2(Rn) ∈ L2(Rt) by Lemma 2.5, the right hand side converges to zero as
t, t′ → ∞. Hence W (t)u converges strongly in L2 as t →∞. Since ‖W (t)‖
B(L2) = 1 and D(H)
is dense in L2, W˚+0 (H0,Ha) exists by the density argument. Moreover, since e
itH0 is unitary on
L2, for any u0 ∈ L2, setting u+ := W˚+0 (H0,Ha)u0 we have
‖e−itHu0 − e−itH0u+‖L2 = ‖eitH0e−itHu0 − u+‖L2 → 0, t→∞.
Step 2. We next prove the existence of W˚±s (Ha,H0) and W˚
±
s (H0,Ha) for s 6= 0. As above,
we consider the existence of W˚+s (H0,Ha) only. By (2.5), W (t) is bounded on H˙
s uniformly in
t for any |s| < min{n/2, 2, σ}. It thus is sufficient to show that, as t → ∞, W (t)u converges
strongly in H˙s for any u belonging a dense subset of H˙s, say u ∈ C∞0 (Rn). We fix two exponents
0 < s < s′ < min{n/2, 2, σ}. Ho¨lder’s inequality and Plancherel’s theorem then imply
‖(W (t)−W (t′))u‖H˙s ≤ ‖(W (t)−W (t′))u‖
s′−s
s′
L2
‖(W (t)−W (t′))u‖
s
s′
H˙s′
≤ C‖(W (t)−W (t′))u‖
s′−s
s′
L2
‖u‖
s
s′
H˙s′
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uniformly in t, t′ ∈ R. Similarly, we have
‖(W (t)−W (t′))u‖H˙−s ≤ C‖(W (t)−W (t′))u‖
s′−s
s′
L2
‖u‖
s
s′
H˙−s′
.
Since ‖(W (t)−W (t′))u‖L2 converges to zero as t, t′ →∞ by the above Step 1, W (t)u converges
strongly in H˙s as t → ∞. W˚+s (H0,Ha) thus exists for any |s| < min{n/2, 2, σ}. Since e−itH0
is a unitary on H˙s, we have (2.7) for |s| < min{n/2, 2, σ} by the same argument as in case of
s = 0. This completes the proof of the first half of the statement.
Step 3. We next show that the following wave operators for the half-wave equations,
W˚±s (|Da|, |D|) := s-lim
t→±∞
eit|Da|e−it|D|,
W˚±s (|D|, |Da|) := s-lim
t→±∞
eit|D|e−it|Da|,
defined on H˙s exist. By the same argument as in Step 2, it suffices to prove the case s = 0. To
this end, we employ a version of the invariance principle of wave operators by [15, Section 4] (see
also the original works by [2] and [16]). This principle particularly implies that, given two non-
negative self-adjoint operators A and B, if A−B is decomposed as A−B = V ∗1 V2 (in the form
sense) such that V1 is A-smooth and V2 is B-smooth, then the wave operators W˚
±
0 (
√
A,
√
B)
and W˚±0 (
√
B,
√
A) exist. We refer to Appendix A below for more details. It follows from this
fact, the above Step 1 and Lemma 2.5 that W˚±0 (|Da|, |D|) and W˚±0 (|D|, |Da|) exist.
Step 4. We finally prove the existence of Ω˚±s (Sa, S0) and Ω˚
±
s (S0, Sa). We again consider the
existence of Ω˚+s (S0, Sa) only. Let ~v0 = (v0, v1) ∈ H˙s × H˙s−1 and ~v(t) = (v(t), ∂tv(t)) = Sa(t)~v0.
Then ~v(t) ∈ H˙s × H˙s−1 by (2.6). Moreover, one has
v(t) = cos(t|Da|)v0 + |Da|−1 sin(t|Da)v1
=
1
2
e−it|Da|(v0 + i|Da|−1v1) + 1
2
eit|Da|(v0 − i|Da|−1v1).
Since v0 ± i|Da|−1v1 belong to H˙s by Lemma 2.1, the above Step 2 implies
v(t) =
1
2
e−it|D|W˚+s (v0 + i|Da|−1v1) +
1
2
eit|D|W˚−s (v0 − i|Da|−1v1) + o(1)
= cos(t|D|)v+,0 + |D|−1 sin(t|D|)v+,1 + o(1) (2.9)
in H˙s as t→∞, where W˚±s = W˚±s (|D|, |Da|) and
v+,0 =
1
2
[
(W˚+s + W˚
−
s )v0 + i(W˚
+
s − W˚−s )|Da|−1v1
]
,
v+,1 =
1
2
[
− i|D|(W˚+s − W˚−s )v0 + |D|(W˚+s − W˚−s )|Da|−1v1
]
.
Note that (v+,0, v+,1) belongs to H˙
s× H˙s−1 since W˚±s : H˙s → H˙s by Step 3. Similarly, we have
∂tv(t) = −|D| sin(t|D|)v+,0 + cos(t|D|)v+,1 + o(1) (2.10)
in H˙s−1 as t→∞. (2.9) and (2.10) imply (2.8) with ~v+ = (v+,0, v+,1). Moreover, Ω˚+s (S0, Sa) can
be defined as the map ~v0 7→ ~v+. This completes the proof of the second half of the statement. 
Proof of Corollary 2.4. The first statement (1) is an immediate consequence of the definition of
W˚±s (Ha,H0) and W˚
±
s (H0,Ha). To show the parts (2) and (3), we observe that Lemma 2.1 also
implies the equivalence the inhomogeneous Sobolev norms, namely,
C1‖f‖Hs ≤ ‖〈Ha〉s/2f‖L2 ≤ C2‖f‖Hs .
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for |s| < min{n/2, 2, σ}. Then the same proof as above yields the existence of the following
wave and inverse wave operators defined on Hs:
W±s (Ha,H0) := s-lim
t→±∞
eitHae−itH0 ,
W±s (H0,Ha) := s-lim
t→±∞
eitH0e−itHa ,
where s-limt→±∞ denotes the strong limit in H
s. In particular, for any f ∈ H |s|, all of
W±|s|(Ha,H0)f , W˚
±
s (Ha,H0)f and W
±
0 (Ha,H0)f coincide with each other due to the uniqueness
of the strong limit. Since H |s| is dense in L2 and in H˙s, the statements (2) and (3) follow from
that of W±0 (Ha,H0) and W
±
0 (H0,Ha) which are well-known (see [31]). 
Remark 2.6. In the above proof of the existence of wave operators in H˙s, the norm equivalence
‖|Da|s′f‖L2 ∼ ‖f‖H˙s′ for some s′ > s > 0 has played an essential role. As we mentioned in
the introduction, we will give in the next section an alternative approach to ensure existence
of wave operators in H˙s which requires the norm equivalence only for the same s and a few
additional assumptions. Note that it is not known whether only the norm equivalence for the
same s (without assuming any additional condition) is sufficient or not, to deduce the existence
of the wave operator in H˙s from the existence of the standard one in L2.
2.2. Critical case. Next we consider the critical case a = (n − 2)2/4. To state the result, we
introduce a few notation. Let Pnf denote the spherical mean of f given by
Pnf(r) := ω
−1
n−1
∫
Sn−1
f(rθ)dσ, r > 0,
and let P⊥n = I − Pn, where ωn−1 = |Sn−1| is the volume of the unit sphere Sn−1. Note that,
since the potential a|x|−2 is radially symmetric, Pn and P⊥n commute with Ha and hence with
ϕ(Ha) for any ϕ ∈ L2loc(R). In particular, both of Pn and P⊥n extend to partial isometries on
H˙s and on H˙s. Let U : L2rad(R
n)→ L2rad(R2) be a unitary, given by
Uf(r) = cnr
n−2
2 f, U∗f = c−1n r
−n−2
2 f,
where cn =
√
ωn−1/w1 and L
2
rad(R
n) = {f ∈ L2(Rn) | f is radially symmetric}.
The main result for the critical case is as follows.
Theorem 2.7. Let a = −(n−2)2/4 and −1 < s ≤ 1. The the following statements are satisfied:
• The Schro¨dinger-type wave and inverse wave operators defined on P⊥n H˙s exist, namely
the following strong limits on H˙s exist:
W˚±s (Ha,H0;P
⊥
n ) := s-lim
t→±∞
eitHae−itH0P⊥n ,
W˚±s (H0,Ha;P
⊥
n ) := s-lim
t→±∞
eitH0e−itHaP⊥n .
Moreover, for any u0 ∈ H˙s, there exist u± ∈ P⊥n H˙s such that
lim
t→±∞
‖e−itHau0 − U∗eit∆R2UPnu0 − e−itH0u±‖H˙s = 0. (2.11)
• Assume in addition that 0 < s ≤ 1. Then the wave-type wave and inverse wave operators
defined on P⊥n H˙
s × P⊥n H˙s−1 also exist:
Ω˚±s (Sa, S0;P
⊥
n ) := s-lim
t→±∞
Sa(−t)S0(t)P⊥n ,
Ω˚±s (S0, Sa;P
⊥
n ) := s-lim
t→±∞
S0(−t)Sa(t)P⊥n ,
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Moreover, for any ~v0 ∈ H˙s × H˙s−1, there exist ~v± ∈ P⊥n H˙s × P⊥n H˙s−1 such that
lim
t→±∞
‖Sa(t)~v0 − U∗S0,R2(t)UPn~v0 − S0,Rn(t)~v±‖H˙s×H˙s−1 = 0, (2.12)
where S0,Rn(t) denotes the free wave evolution group in R
n and we have used an abuse
of notation that A~f = (Af0, Af1) for A = U,U
∗, Pn and ~f = (f0, f1).
To prove this theorem, we prepare a couple of lemmas. The following lemma concerns with a
few basic properties of Ha in the critical case.
Lemma 2.8. Let a = −(n− 2)2/4. Then the following statements are satisfied:
• For any radially symmetric u ∈ C∞0 (Rn \ {0}), one has
Hau = −U∗∆R2Uu. (2.13)
• For |s| ≤ 1, we have the following norm equivalence
C1‖u‖H˙s ≤ ‖|Da|s/2u‖L2 ≤ C2‖u‖H˙s , u ∈ P⊥n H˙s. (2.14)
Proof. A direct computation yields that
−U∗∆R2UPn = −
d2
dr2
− n− 1
r
d
dr
− (n− 2)
2
4r2
= HaPn
in the polar coordinate and (2.13) follows.
Next, (2.14) with s = 1 is a consequence of the following Hardy-type inequality:
n2
4
∫ |u|2
|x|2 dx ≤
∫
|∇u|2dx, u ∈ P⊥n C∞0 (Rn). (2.15)
A simple proof of (2.15) can be found in [8, Lemma 2.4] which we record here for reader’s
convenience. For any u ∈ C∞0 (Rn), setting f = Uu, we have∫ (
|∇u|2 − (n− 2)
2
4|x|2 |u|
2
)
dx = c−2n
∫
|∇f |2|x|−n+2dx
= c−2n
∫
Sn−1
∫
R+
(
|∂rf |2 + |∇θf |
2
r2
)
rdrdσ.
≥ c−2n
∫
R+
(∫
Sn−1
|∇θf |2dσ
)
r−1dr. (2.16)
Now we let u ∈ P⊥n C∞0 (Rn) so that f is orthogonal to constants, which are eigenfunctions
associated with the zero eigenvalue of the spherical Laplacian ∆Sn−1 . Since the first non-trivial
eigenvalue of ∆Sn−1 is equal to n− 1, we have∫
Sn−1
|∇θf |2dσ ≥ (n− 1)
∫
Sn−1
|f |2dσ.
Hence the right hand side of (2.16) is bounded from below by
(n− 1)
∫ |u|2
|x|2 dx
and (2.15) follows. For −1 ≤ s < 1, (2.14) follows from the duality and interpolation. 
We also need the following Kato-smoothness result on the range of P⊥n :
Lemma 2.9 ([27, Proposition 3.4]). Let a = −(n− 2)2/4. Then |x|−1P⊥n is Ha-smooth, i.e.,
‖|x|−1P⊥n e−itHau0‖L2(R1+n) ≤ C‖u0‖L2(Rn).
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We are now ready to prove Theorem 2.7.
Proof of Theorem 2.7. The proof is decomposed into three steps.
Step 1. We first show the existence of W˚±s (Ha,H0;P
⊥
n ) and W˚
±
s (H0,Ha;P
⊥
n ). As above, we
prove the existence of W˚+s (H0,Ha;P
⊥
n ) only. Since P
⊥
n commutes with |x|−2 and H0, we see
that HaP
⊥
n = H
⊥
a P
⊥
n where H
⊥
a = H
⊥
0 − a|x|−2P⊥n . Hence
eitH0e−itHaP⊥n = e
itH⊥0 e−itH
⊥
a P⊥n .
Since |x|−1P⊥n is H⊥0 -smooth and H⊥a -smooth by Lemma 2.9, the same argument as above shows
that W˚+0 (H0,Ha;P
⊥
n ) = W˚
+
0 (H
⊥
0 ,H
⊥
a ;P
⊥
n ) exists. With the norm equivalence (2.14) at hand,
we also obtain the existence of W˚+s (H0,Ha;P
⊥
n ) for |s| < 1 by using the same argument as
above. However, this argument cannot be applied directly to the case s = 1 since we do not
know if the norm equivalence (2.14) holds for some s > 1. Instead, we employ Theorem 3.3 in
the next section. To this end, we shall check that the conditions (H1)–(H5) in the next section
are fulfilled. Let A = H⊥0 , B = H
⊥
a , UA(t) = e
−itH⊥0 and UB(t) = e
−itH⊥a . Then (H1) and (H5)
follow from (2.14) with s = 1. (H3) and (H4) are general facts which hold for any self-adjoint
operator B and its unitary group e−itB (see [31]). Note that H⊥a is purely absolutely continuous,
so Pac(H
⊥
a ) is the identity. To verify (H2), we compute
(H⊥0 + 1)
−1 − (H⊥a + 1)−1 = a(H⊥a + 1)−1P⊥n |x|−1 · |x|−1(H0 + 1)−1P⊥n .
By (2.14) and Hardy’s inequality (2.1), 〈H0〉1/2(H⊥a + 1)−1/2P⊥n and (H⊥a + 1)−1/2|x|−1P⊥n are
bounded on L2, so is the operator
〈H0〉1/2(H⊥a + 1)−1P⊥n |x|−1 = 〈H0〉1/2(H⊥a + 1)−1/2P⊥n · (H⊥a + 1)−1/2|x|−1P⊥n .
Moreover, since |x|−1 ∈ Lp(Rn)+L∞0 (Rn) with some n/2 < p < n, |x|−1(H0+1)−1P⊥n is compact
on L2 (see e.g. [28, Example 3.2 and Lemma A.2]), where L∞0 (R
n) is the completion of C∞0 (R
n)
with respect to the L∞-norm. Therefore, the operator 〈H0〉1/2((H⊥0 + 1)−1 − (H⊥a + 1)−1) is
compact on L2. Hence (H2) holds. Since (H1)–(H5) are fulfilled, we can apply Theorem 3.3 to
ensure the existence of W˚+1 (H0,Ha;P
⊥
n ) = W˚
+
1 (H
⊥
0 ,H
⊥
a ;P
⊥
n ).
Step 2. We next show (2.11). Let u± = W˚
+
s (H0,Ha;P
⊥
n )u0. Then u± ∈ P⊥n H˙s and
lim
t→±∞
‖e−itHaP⊥n u0 − e−itH0u±‖H˙1 = 0
by the above Step 1. On the other hand, (2.13) and a density argument imply
e−itHaPnu0 = U
∗eit∆R2UPnu0
and (2.11) thus follows.
Step 3. We finally show the statement for the wave equation. Let |D⊥a | = (H⊥a )1/2. By
the same argument as that for the subcritical case, the wave and inverse wave operators
W˚±s (|D⊥a |, |D|;P⊥n ) and W˚±s (|D|, |D⊥a |;P⊥n ) for the half-wave equation exist for |s| < 1. To deal
with the case s = 1, we consider the quadruplet (A,B,UA, UB) = (H
⊥
0 ,H
⊥
a , e
−it|D⊥|, e−it|D
⊥
a |).
Then the conditions (H1), (H2) and (H5) are the same as in Step 1. Moreover, the conditions
(H3) and (H4) in the next section also hold (see Lemma 4.2) since f(λ) =
√
λ satisfies f ′ > 0
on (0,∞). Therefore, W˚±1 (|D⊥a |, |D|;P⊥n ) and W˚±1 (|D|, |D⊥a |;P⊥n ) also exist by Theorem 3.3.
Then, the same argument as for the subcritical case yields the existence of Ω˚±s (Sa, S0,Rn ;P
⊥
n )
and Ω˚±s (S0,Rn , Sa;P
⊥
n ) for 0 < s ≤ 1. Since Sa(t)Pn = U∗S0,R2(t)UPn which follows from (2.13),
(2.12) can be obtained by the same argument as in the proof of (2.11). 
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At the end of this section, we point out an interesting relation between (1.1) in the critical
case and the following 2D inhomogeneous NLS equation:
i∂tϕ+∆R2ϕ = λc
−p+1
n |x|−
(n−2)(p−1)
2 |ϕ|p−1ϕ; ϕ : R× R2 → C. (2.17)
Indeed, by virtue of of the unitarily equivalence (2.13), u(t, r) is a radial solution to (1.1) with
a = −(n − 2)2/4 if and only if ϕ(t, r) = r(n−2)/2u(t, r) is a radial solution to (2.17) with
the initial condition ϕ(0, r) = r(n−2)/2u0 (at least formally). (1.2) also has a similar relation
with a 2D inhomogeneous NLW equation. Recently, the inhomogeneous NLS equations have
attracted increasing attention. There are several existing results on the scattering theory (see
e.g. [9]), which might be applicable to study the scattering theory for (1.1) in the critical case
a = −(n− 2)2/4. However, we do not pursue this topic in the present paper.
3. Abstract scattering theory in Sobolev spaces
In this section we provides an alternative approach in an abstract framework to ensure the
existence of wave operators on homogeneous Sobolev spaces. This section is a continuation
of the author’s previous work [28] in which the case with inhomogeneous Sobolev spaces was
considered. We also give a slight improvement of this previous result which in fact play an
important role in the proof for the case with homogeneous Sobolev spaces.
Let H be a (separable) Hilbert space equipped with an inner product 〈·, ·〉 and induced norm
‖ · ‖. ‖ · ‖ also denotes the operator norm on H. With a self-adjoint operator A on H, we
associate the Sobolev space HsA := 〈A〉−s/2H of order s with the norm
‖u‖HsA = ‖〈A〉
s/2u‖,
where 〈A〉s/2 := (1 + |A|2)s/2 is defined via the spectral theorem, namely
〈A〉s/2 =
∫
σ(A)
〈λ〉s/2dEA(λ).
Note that H2A = D(A) and H
1
A = D(|A|1/2).
Let A,B be two self-adjoint operators and {UA(t)}t∈R, {UB(t)}t∈R two families of unitary
operators on H. Let s ∈ R be fixed. Here we impose the following conditions:
(H1) HsA = H
s
B with equivalent norms. Namely, for any u ∈ HsA and v ∈ HsB ,
‖u‖HsB ≤ C‖u‖HsA , ‖v‖HsA ≤ C‖v‖HsB .
Throughout this section, we always assume (H1) and use the notation
Hs := HsA.
(H2) With some r ∈ R, N ∈ N and z0 ∈ ρ(A) ∩ ρ(B),
(A− z0)−N − (B − z0)−N ∈ B∞(Hr,Hs).
(H3) For any t ∈ R, UA(t) commutes with A, and UB(t) commutes with B.
(H4) For any u ∈ Pac(B)H, UB(t)u→ 0 weakly in H as t→ ±∞.
Remark 3.1. We make several comments on these conditions:
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(1) Under (H1), (H2) is independent of the choice of z0. Precisely, if (H2) holds for some
z0 ∈ ρ(A) ∩ ρ(B) then (A− z)−N − (B − z)−N ∈ B∞(Hr,Hs) for any z ∈ ρ(A) ∩ ρ(B).
This can be seen from the resolvent equation
(A− z)−1 − (B − z)−1
= (A− z)−1(A− z0)
{
(A− z0)−1 − (B − z0)−1
}
(B − z0)(B − z)−1
and an induction argument in N .
(2) In a precise way, we say that UA(t) commutes with A if UA(t)H
2
A ⊂ H2A and UA(t)Au−
AUA(t) = 0 on H
2
A. Under this condition, UA(t) also commutes with ϕ(A) for any
ϕ ∈ L2loc(R). In particular, ‖UA(t)u‖HsA = ‖u‖HsA for all u ∈ H
|s|
A and s ∈ R. Hence,
if s > 0, UA(t)|HsA is an isometry on HsA, while if s < 0, UA(t) can be extended to an
isometry on HsA. We use the same symbol UA(t) for such a restriction or an extension.
(3) A typical choice of UA(t) and UB(t) is UA(t) = e
−itf(A) and UB(t) = e
−itf(B) with some
real-valued function f in which case (H3) follows from the spectral theorem. Moreover,
for a wide class of functions, we have Pac(B) = Pac(f(B)) in which case (H4) holds. To
ensure the property Pac(B) = Pac(f(B)), it is enough to assume that B is non-negative,
f ∈ C1((0,∞)) and f ′ is strictly positive (see Lemma 4.2 for more details).
Define the wave operators W±s (UA, UB) on H
s associated with UA(t), UB(t) by
W±s (UA, UB) := s-limt→±∞
UA(t)
∗UB(t)Pac(B),
where UA(t)
∗ is the adjoint of UA(t) with respect to 〈·, ·〉 and s-lim
t→±∞
denotes the strong limit
in Hs. Note that W±0 (UA, UB) coincide with the standard wave operators defined on H. We
also note that W±s (UA, UB) are well-defined (if they exist). Indeed, under (H1) and (H3),
UA(t), UB(t), Pac(B) as well as their adjoints extend to bounded operators on H
s with uniform
bounds in t ∈ R (see Remark 3.1 (2) above), so UA(t)∗UB(t)Pac(B) is uniformly bounded on Hs
with respect to t ∈ R. Hence the definition of W±s (UA, UB) makes sense.
We are now ready to state an abstract result on the existence of W±s (UA, UB).
Theorem 3.2. Suppose that the above four conditions (H1)–(H4) are satisfied for a fixed s ∈ R.
Then, if W±0 (UA, UB) exists, so does W
±
s (UA, UB).
This theorem is a slight improvement of the previous result [28, Theorem 2.2]. The previous
result mainly considered the case UA(t) = e
−itA and UB(t) = e
−itB . Hence, in order to apply it
to the following pair of dispersive equations
i∂tu− f(H0)u = 0, i∂tu− f(H0 + V )u = 0,
one has to check the equivalence Hsf(H0) = H
s
f(H0+V )
and the compactness of (f(H0)− z0)−1 −
(f(H0 + V ) − z0)−1. In the present case, choosing UA(t) = e−itf(A) and e−itf(B), it is instead
enough to check the equivalence HsH0 = H
s
H0+V
and the compactness of (H0 − z0)−1 − (H0 +
V − z0)−1. This enables us to deal with a wide class of dispersive equations in a unified way.
This is the main advantage of Theorem 3.2 compared with the previous work.
Proof of Theorem 3.2. Let u ∈ Hs with ‖u‖ = 1 and set W (t) := UA(t)∗UB(t)Pac(B). We shall
prove that 〈A〉s/2(W (t) −W (t′))u converges to 0 strongly in H as t, t′ → ∞ which implies the
existence of W+s (UA, UB). The proof for W
−
s (UA, UB) is analogous.
Observe first that one can replace u by ϕ(B)u with some ϕ ∈ C∞0 (R) since W (t) is uniformly
bounded on Hs in t ∈ R as seen above and {ϕ(B)u | u ∈ Hs, ϕ ∈ C∞0 (R)} is a dense subset of
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Hs. We may assume suppϕ ⊂ [−R,R] with some large R and take ψ ∈ C∞0 (R) so that ψ ≡ 1
on [−4R, 4R]. Using such ϕ and ψ, we then decompose (W (t)−W (t′))ϕ(B) as
(W (t)−W (t′))ϕ(B) = ψ(A)(W (t) −W (t′))ϕ(B) + (1− ψ(A))(W (t) −W (t′))ϕ(B).
The spectral theorem and the support property of ψ imply ‖〈A〉s/2ϕ(A)‖ ≤ CRs/2 with some
C > 0 which, together with the existence of W+0 (A,B), implies, as t, t
′ →∞,
‖〈A〉s/2ψ(A)(W (t) −W (t′))ϕ(B)u‖ ≤ CRs/2‖(W (t)−W (t′))ϕ(B)u‖ → 0.
Next it remains to show
lim
t,t′→∞
‖〈A〉s/2(1− ψ(A))(W (t) −W (t′))ϕ(B)u‖ = 0. (3.1)
To this end, it is enough to prove
lim
t→∞
‖〈A〉s/2(1− ψ(A))ϕ(B)w(t)‖ = 0, (3.2)
where we set w(t) = UB(t)Pac(B)u for short. Indeed, taking into account (H3), Remark 3.1 (2)
and the unitarity of UA(t), we learn by (3.2) that
‖〈A〉s/2(1− ψ(A))W (t)ϕ(B)u‖ = ‖〈A〉s/2(1− ψ(A))ϕ(B)UB(t)Pac(B)u‖ → 0
as t→∞ and (3.1) follows.
We shall show (3.2). By the Weierstrass approximation theorem, for any ε > 0, there exists a
polynomial P such that ‖ϕ− P (N−1)‖L∞([−2R,2R]) < ε, where P (N−1) is the (N−1)-th derivative
of P . Let ϕ˜ ∈ C∞0 (R) be such that supp ϕ˜ ⊂ [−2R, 2R] and ϕ˜ ≡ 1 on [−R,R]. Since ϕ(B) =
ϕ(B)ϕ˜(B) and (1− ψ(A))ϕ˜(B) = (ψ(B)− ψ(A))ϕ˜(B), we see that
〈A〉s/2(1− ψ(A))ϕ(B)
= 〈A〉s/2(ψ(B)− ψ(A))ϕ˜(B)[ϕ(B) − P (N−1)(B)] + 〈A〉s/2(1− ψ(A))P (N−1)(B)ϕ˜(B),
By virtue of (H1), the support property suppψ ⊂ [−4R, 4R] and the following estimate
‖ϕ˜(B)[ϕ(B) − P (N−1)(B)]‖ ≤ C‖ϕ− P (N−1)‖L∞([−2R,2R]) < Cε,
the first term satisfies, with some C > 0 independent of ε and t,
‖〈A〉s/2(ψ(B)− ψ(A))ϕ˜(B)[ϕ(B) − P (N−1)(B)]w(t)‖ ≤ Cε. (3.3)
It remains to deal with 〈A〉s/2(1−ψ(A))P (N−1)(B)ϕ˜(B)w(t). Cauchy’s integral formula implies
P (N−1)(λ) =
(N − 1)!
2πi
∮
|z|=3R
P (z)(z − λ)−Ndz, λ ∈ supp ϕ˜ ⊂ [−2R, 2R].
Moreover, since supp(1− ψ) ⊂ [−4R, 4R]c, it follows from Cauchy’s theorem that∮
|z|=3R
P (z)(z − λ)−Ndz = 0, λ ∈ supp(1− ψ).
Hence, by the functional calculus (or the spectral theorem),
〈A〉s/2(1− ψ(A))P (N−1)(B)ϕ˜(B)
= −(N − 1)!
2πi
∮
|z|=3R
P (z)〈A〉s/2(1− ψ(A)) ((z −A)−N − (z −B)−N) ϕ˜(B)dz.
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We set I(z) = P (z)〈A〉s/2(1 − ψ(A)) ((z −A)−N − (z −B)−N) ϕ˜(B) for short. Since supp(1 −
ψ) ⊂ [−4R, 4R]c and supp ϕ˜ ⊂ [−2R, 2R], we have by (H1) and the spectral theorem that
sup
|z|=3R
‖〈A〉s/2(1− ψ(A)(z −A)−N ϕ˜(B)‖+ sup
|z|=3R
‖〈A〉s/2(1− ψ(A)(z −B)−N ϕ˜(B)‖ <∞.
Therefore, I(z) is bounded on H uniformly in z satisfying |z| = 3R:
sup
|z|=3R
‖I(z)‖ <∞. (3.4)
Hence, setting Ωε = {|z| = 3R}∩{|z− 3R| < ε or |z+3R| < ε}, there exists C > 0 independent
of ε and t such that ∥∥∥∥
∫
Ωε
I(z)dzw(t)
∥∥∥∥ ≤ Cε. (3.5)
To deal with the integral of I(z) on {|z| = 3R} \ Ωε, we observe from (H1), (H2) and Remark
3.1 (1) that I(z) ∈ B∞(H) for each z ∈ {|z| = 3R} \ Ωε. Since the integral∫
{|z|=3R}\Ωε
I(z)dz
converges in norm by (3.4), it is also compact on H. Therefore, the condition (H4) implies
lim
t→∞
∥∥∥∥∥
∫
{|z|=3R}\Ωε
I(z)dzw(t)
∥∥∥∥∥ = 0. (3.6)
Finally, the estimates (3.3), (3.5) and (3.6) show that, with some C > 0 independent of ε > 0,
lim sup
t→∞
‖〈A〉s/2(1− ψ(A))ϕ(B)w(t)‖ ≤ Cε
which implies (3.2) since ε is arbitrarily small. This completes the proof. 
We next consider the case of homogeneous Sobolev spaces. Given a self-adjoint operator T ,
we say that T is strictly positive if ‖T 1/2u‖ > 0 for any u ∈ D(T 1/2) \ {0}. Let A and B be two
non-negative self-adjoint operators on H and s > 0 such that As and Bs are strictly positive,
where As and Bs are defined via the spectral theorem. Then the homogeneous Sobolev space
H˙sA associated with A of order s is defined as the completion of H
s
A with respect to the norm
‖u‖
H˙sA
:= ‖As/2u‖
Under this setting, we impose the following norm equivalence condition:
(H5) H˙sA = H˙
s
B with equivalent norms.
Under (H5), we set H˙s := H˙sA. Then we have the following:
Theorem 3.3. Let A and B be two non-negative self-adjoint operators on H and s > 0 such that
As and Bs are strictly positive. Suppose that the above five conditions (H1)–(H5) are fulfilled
and that W±0 (UA, UB) exist. Then, for any u ∈ H˙s, the following strong limits on H˙s also exist:
W˚±s (UA, UB) := s-limt→±∞
UA(t)
∗UB(t)Pac(B).
Proof. Under (H3) and (H5), W (t) = UA(t)
∗UB(t)Pac(B) is bounded on H˙
s uniformly in t ∈ R.
Therefore, we may take u ∈ Hs without loss of generality since Hs is dense in H˙s by definition.
Taking into account that Hs →֒ H˙s andW (t)u converges strongly inHs as t→ ±∞ by Theorem
3.2, W (t)u also converges strongly in H˙s as t→ ±∞. This completes the proof. 
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Remark 3.4. As remarked in the introduction, in order to ensure the existence of wave operators
on Hs (resp. H˙s), the above abstract criterions require the norm equivalence condition (H1)
(resp. (H5)) only up to the same regularity Hs (resp. H˙s).
4. Application to scattering theory with rough potentials
This section discusses some applications of the above abstract criterions. Since the inhomo-
geneous case has been already established in [28, Section 3], we only consider an application of
Theorem 3.3 to the Schro¨dinger and wave equations with rough potentials.
The same notation as in Section 3 is also used in this section. We first prepare simple sufficient
conditions to ensure the conditions (H2)–(H4).
Lemma 4.1. Let A,B be self-adjoint operators on H such that H1A = H
1
B. Suppose that
〈A〉−1/2(B −A)〈A〉−1 is compact on H. Then (H2) holds for s = 1.
Proof. A direct computation yields
〈A〉 12 ((A+ i)−1 − (B + i)−1) = 〈A〉 12 (B + i)−1(B −A)(A+ i)−1
= 〈A〉 12 〈B〉− 12 · 〈B〉(B − z)−1 · 〈B〉− 12 〈A〉 12 · 〈A〉− 12 (B −A)〈A〉−1 · 〈A〉(A+ i)−1.
Then 〈A〉− 12 (B − A)〈A〉−1 ∈ B∞(H) by assumption and otherwise are bounded on L2 since
H1A = H
1
B . Hence (H2) for (s,N, r) = (1, 1, 0). 
Note that if an operator C is A-form compact, that is 〈A〉−1/2C〈A〉−1/2 ∈ B∞(H), then
〈A〉−1/2C〈A〉−1 ∈ B∞(H), while the converse can fail: 〈∆〉−1/2|x|−2〈∆〉−1 is compact on L2(Rn)
if n ≥ 3, but |x|−2 is not ∆-form compact.
Lemma 4.2. Let f be a real-valued function on [0,∞) such that f ′ > 0 on (0,∞), B a non-
negative self-adjoint operator on H and UB(t) = e
−itf(B). Then UB(t) commutes with B. More-
over, (H4) holds.
Proof. By the spectral theorem, UB(t) commutes with B. Moreover, for any u ∈ Pac(f(B))H,
UB(t)u → 0 weakly in H as t → ∞ by Radon-Nikodym and Riemann-Lebesgue theorems.
Thus it is enough to show Pac(B) = Pac(f(B)). Let Y ⊂ [0,∞) be a null set. Note that
f−1(Y ), f(Y ) ⊂ R are also null sets. Hence, for any u ∈ Pac(B)H,
〈Ef(B)(Y )u, u〉 = 〈EB(f−1(Y ))u, u〉 = 0.
Similarly, if v ∈ Pac(f(B))H then
〈EB(Y )v, v〉 = 〈Ef(B)(f(Y ))v, v〉 = 0.
These two equalities imply Pac(B) = Pac(f(B)). 
Now we consider the Schro¨dinger operators
H0 := −∆, HV := H0 + V (x), x ∈ Rn, n ≥ 3,
where V (x) is a real-valued potential. We impose one of the following two types of conditions:
Assumption 4.3 (Repulsive potential). V ∈ Ln/2,∞(Rn), |x|V ∈ Ln,∞(Rn) and x · ∇V ∈
Ln/2,∞(Rn). Moreover, there exists δ > 0 such that for all u ∈ C∞0 (Rn),
〈(H0 + V )u, u〉 ≥ δ‖∇u‖L2 , 〈(H0 − V − x · (∇V ))u, u〉 ≥ δ‖∇u‖L2 . (4.1)
Here Lp,∞(Rn) denotes the weak Lp-space.
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Assumption 4.4 (Rough potential). V belongs to Ln/2(Rn). Moreover, its negative part
V−(x) = max{0,−V (x)} satisfies ‖V−‖Ln/2(Rn) < Sn, where Sn := n(n − 2)|Sn|2/n/4 is the
best constant in Sobolev’s inequality
Sn‖f‖2
L
2n
n−2 (Rn)
≤ ‖∇f‖2L2(Rn). (4.2)
Remark 4.5. Assumption 4.3 covers large scaling-critical potentials having critical singularity
at the origin, in all dimensions n ≥ 3. A typical example is the inverse-square potential a|x|−2
with a > −(n − 2)2/4. Assumption 4.3 also covers several potentials satisfying |x|2V /∈ L∞
(see [3, a discussion below Example 2.2]). On the other hand, there is no condition on the
derivatives of V in Assumption 4.4. Moreover, Assumption 4.4 allows the potential V having
multiple almost critical local singularities.
Under one of Assumptions 4.3 and 4.4, H0+V is non-negative (see (4.5) and its proof below).
Define HV as its Friedrichs extension and consider the following Schro¨dinger and wave equations
associated with HV :
i∂tu−HV u = 0, u|t=0 = u0;
∂2t v +HV v = 0, (v, ∂tv)|t=0 = (v0, v1).
Let |DV | = H1/2V and SV (t) be the evolution group for the wave equation associated with HV :
SV (t) =
(
cos(t|DV |) |DV |−1 sin(t|DV |)
−|DV | sin(t|DV |) cos(t|DV |)
)
.
Then we have the following:
Theorem 4.6. Let n ≥ 3 and V be a real-valued function satisfying one of Assumption 4.3 or
Assumption 4.4. Then W˚±s (HV ,H0) and W˚
±
s (H0,HV ) defined on H˙
s exist for all −1 < s ≤ 1.
Moreover, if 0 ≤ s ≤ 1, Ω˚±s (SV , S0) and Ω˚±s (S0, SV ) defined on H˙s × H˙s−1 also exist.
As in the previous section, the following Kato-smoothness result plays a crucial role in the
proof of the theorem.
Lemma 4.7. Let n ≥ 3. Under Assumption 4.3 or 4.4, any functions in Ln/2,∞(Rn) are both
H0-smooth and H-smooth.
Proof. Under Assumption 4.3, the desired result is due to [3, Corollary 2.7]. In the case under
Assumption 4.4, the following uniform Sobolev estimate was proved in [29, Theorem 1.4]):
‖(H − z)−1f‖
L
2n
n−2 ,2
≤ C‖f‖
L
2n
n+2 ,2
, z ∈ C \ [0,∞).
where Lp,q(Rn) denote the Lorentz spaces (see a textbook [11] for the definition and properties
of Lorentz spaces). Note that H is purely absolutely continuous under Assumption 4.3 and there
is no zero resonance [29, Lemma 1.3]. Combining with Ho¨lder’s inequalities for Lorentz norms
‖fg‖L2 ≤ C‖f‖Ln2 ,∞‖g‖L 2nn−2 ,2 , ‖fg‖L 2nn+2 ,2 ≤ C‖f‖Ln2 ,∞‖g‖L2 , (4.3)
the above uniform Sobolev estimate implies that, for any w ∈ Ln/2,∞, w(H − z)−1w is bounded
on L2 uniformly in z ∈ C \ R. By means of the theory of smooth perturbations [17, Theorem
5.1], we conclude that w is H-smooth. This completes the proof. 
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Proof of Theorem 4.6. The proof is decomposed into three steps.
Step 1. Setting A = H0, B = HV , UA(t) = e
−itH0 and UB(t) = e
−itHV , we first check that the
conditions (H1)–(H5) are fulfilled under one of Assumption 4.3 or Assumption 4.4. It follows
from (4.3) and Sobolev’s inequality
‖f‖
L
2n
n−2 ,2(Rn)
≤ C‖∇f‖L2 (4.4)
that ∫
|V ||f |2 ≤ C‖V ‖
L
n
2 ,∞(Rn)
‖f‖2
L
2n
n−2 ,2(Rn)
≤ C‖V ‖
L
n
2 ,∞(Rn)
‖∇f‖2L2 .
Hence, for both cases, V is H0-form bounded. This fact, together with (4.1) in case of Assump-
tion 4.3 or with the bound ‖V−‖Ln/2(Rn) < Sn and (4.2) in case of Assumption 4.4, yields
C−1‖f‖H˙1 ≤ ‖|DV |f‖L2 ≤ C‖f‖H˙1 , f ∈ C∞0 (Rn). (4.5)
Combining with the duality and interpolation arguments, (4.5) implies (H1) and (H5) hold for
|s| ≤ 1 in both cases. (H3) and (H4) are general facts for a unitary group generated by a
self-adjoint operator. Under Assumption 4.4, (H2) follows from the H0-form compactness of
V ∈ Ln/2(Rn) and Lemma 4.1. Under Assumption 4.3, V is H0-form bounded, but not H0-form
compact. However, if we write
〈H0〉−1/2V 〈H〉−1 = 〈H0〉−1/2|x|V · |x|−1〈H0〉−1
then 〈H0〉−1/2|x|V is bounded on L2 by (4.4) and the condition |x|V ∈ Ln,∞ and |x|−1〈H0〉−1 is
compact on L2 as seen in the Step 1 of the proof of Theorem 2.7. Hence, by Lemma 4.1, (H2)
also follows under Assumption 4.3. Note that if we choose A = HV , B = H0, UA(t) = e
−itHV
and UB(t) = e
−itH0 , then (H1)–(H5) can be also verified by the same argument.
Step 2. We next show the existence of W˚±s (HV ,H0) and W˚
±
s (H0,HV ). By virtue of Step 1
and Theorem 3.3, it sufficient to show the case s = 0 only. Then, by the same argument as that
in the Step 1 of the proof of Theorem 2.7, it can be deduced from Lemma 4.7 since |V |1/2 ∈ Ln,∞
under one of Assumption 4.3 or Assumption 4.4.
Step 3. By virtue of Lemma 4.7 and the invariance principle of the wave operators (see
Theorem A.2 below), the wave and inverse wave operators for half-wave equation W˚±s (|DV |, |D|)
and W˚±s (|D|, |DV |) also exist. Therefore, the same argument as in the Step 4 of the proof of
Theorem 2.7 yields the existence of Ω±s (SV , S0) and Ω
±
s (S0, SV ). This competes the proof. 
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Appendix A. The invariance principle of wave operators
In this appendix we consider the invariance principle of the wave operators originated by
[2, 16]. The version we record here is due to [15]. We only state a particular consequence of
[15, Theorem 4.3] which is sufficient for our purpose. The same notation as in Section 3 is used
in this appendix. Let A be a self-adjoint operator on H, G a densely defined closed operator
satisfying D(A) ⊂ D(G). Recall that G is said to be A-smooth if
‖Ge−itAϕ‖L2(R;H) ≤ C‖ϕ‖, ϕ ∈ D(A).
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Remark A.1. It is known (see [17, Theorem 5.1]) that G is A-smooth if and only if
sup
0<ε<1
‖G(H − λ∓ iε)−1ϕ‖L2(Rλ;H) ≤ C‖ϕ‖.
In particular, G(H − λ − iε)−1ϕ belongs to the Hardy space H2(Ω±;H), where Ω± = {z ∈
C | 0 < ± Im z < 1}. Therefore, for all ϕ ∈ H, the strong limits
G(H − λ∓ i0)−1ϕ := lim
εց0
G(H − λ∓ iε)−1ϕ ∈ H
exist for a.e. λ ∈ R and satisfy
‖G(H − λ∓ i0)−1ϕ‖L2(Rλ;H) ≤ C‖ϕ‖. (A.1)
Theorem A.2. Let A,B be non-negative self-adjoint operators on H. Suppose there exist
densely defined closed operators V1, V2 with D(A) ⊂ D(V1) and D(B) ⊂ D(V2) such that A−B =
V ∗1 V2 in the sense of forms and that V1 is A-smooth and V2 is B-smooth. Let f be a real-valued
function on [0,∞) such that f ∈ C2(0,∞) and f ′(λ) > 0 for all λ > 0. Then the wave operators
W±(f(A), f(B)) := s-lim
t→±∞
eitf(A)e−itf(B)
defined on H exist and coincide with W±(A,B) := s-limt→±∞ e
itAe−itB.
Remark A.3. A typical choice of f is f(λ) = λα with α > 0. In particular, the choice
f(λ) =
√
λ corresponds to the scattering for the half-wave equations.
Proof of Theorem A.2. We consider the case t → ∞ only. The same argument as that in the
Step 1 in the proof of Theorem 2.2 yields the existence of W+ := W+(A,B). Then, by the
intertwining property, we have eitf(A)W+e−itf(B) =W+. Hence,
eitf(A)e−itf(B) = eitf(A)(I −W+)e−itf(B) +W+.
It remains to show that (I −W+)e−itf(B) converges to zero strongly in H as t → ∞. Since
‖(I −W+)e−itf(B)‖ ≤ 2, it is enough to prove
s-lim
t→∞
(I −W+)e−itf(B)EB(J) = 0 (A.2)
with some finite interval J ⋐ (0,∞) by the density argument. Let u ∈ D(B) and v ∈ D(A) with
‖u‖ = ‖v‖ = 1. In what follows, we let L2sH := L2((0,∞)s;H). It follows from the formula
W+ = I + i
∫ ∞
0
eisAV ∗1 V2e
−isBds
that
|〈(I −W+)e−itf(B)EB(J)u, v〉| ≤
∫ ∞
0
|〈V2e−isBe−itf(B)EB(J)u, V1e−isAv〉|ds
≤ C‖V2e−isBe−itf(B)EB(J)u‖L2sH‖V1e
−isAv‖L2sH
≤ C‖V2e−isBe−itf(B)EB(J)u‖L2sH
where we have used the A-smoothness of V1 in the last line. By the duality, we thus obtain
‖(I −W+)e−itf(B)EB(J)u‖ ≤ C‖V2e−isBe−itf(B)EB(J)u‖L2sH. (A.3)
Using the duality we rewrite the right hand side as
‖V2e−isBe−itf(B)EB(J)u‖L2sH = sup
‖G‖
L2sH
=1
|〈〈V2e−isBe−itf(B)EB(J)u,G〉〉|, (A.4)
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where 〈〈F,G〉〉 := ∫∞0 〈F (s), G(s)〉ds is the inner product in L2sH. By the density argument, we
may assume that G : (0,∞) → H is a simple function and write G = ∑Nj=1 1Ej(s)gj where
gj ∈ H and Ej ∩ Ek = ∅ if j 6= k. By the spectral decomposition theorem, Stone’s formula and
Remark A.1, 〈V2e−isBe−itf(B)EB(J)u, gj〉 can be written in the form
〈V2e−isBe−itf(B)EB(J)u, gj〉 = 1
π
∫
J
e−isλe−itf(λ)〈V2 Im(B − λ− i0)−1u, gj〉dλ, (A.5)
where Im(B − λ− i0)−1 = (2i)−1((B − λ− i0)−1 − (B − λ+ i0)−1). Let
w(λ) := π−1V2 Im(B − λ− i0)−1u.
The B-smoothness of V2 and (A.1) then imply that
‖w‖L1(J ;H) ≤ |J |1/2‖w‖L2(J ;H) ≤ CJ
with some CJ independent of ε > 0. By (A.5) and Fubini’s theorem, we thus can write
〈〈V2e−isBe−itf(B)EJ(B)u,G〉〉 =
N∑
j=1
∫
Ej
∫
J
e−isλe−itf(λ)〈w(λ), gj〉dλds
=
∫ ∞
0
〈∫
J
e−isλe−itf(λ)w(λ)dλ,G(s)
〉
ds. (A.6)
Let us set
Tw(t, s) :=
∫
J
e−isλe−itf(λ)w(λ)dλ.
Since Tt(s) is a Fourier transform of 1J(λ)e
−itf(λ)w(λ), the Plancherel theorem yields∫ ∞
0
‖Tw(t, s)‖2ds ≤
∫
‖w(λ)‖2dλ ≤ C. (A.7)
This, combined with (A.3), (A.4) and (A.6), shows
‖(I −W+)e−itf(B)EB(J)u‖ ≤ C‖Tw(t, ·)‖L2sH. (A.8)
It remains to show ‖Tw(t, ·)‖L2sH → 0 as t → ∞. Let ε > 0 and take a simple function
G˜ : (0,∞) → H of the form G˜(λ) = ∑Nj=1 1(aj ,bj)(λ)g˜j with g˜j ∈ H, (aj , bj) ⋐ J ⋐ (0,∞) such
that ‖w − G˜‖L2(Rλ;H) < ε. Then ‖TG˜(t, ·)‖L2sH ≤ C and
‖Tw(t, ·)− TG˜(t, ·)‖L2sH ≤ Cε
by (A.7). On the other hand, taking the equality
e−isλe−itf(λ) =
i
s+ tf ′(λ)
d
dλ
(
e−isλe−itf(λ)
)
into account, if we set cj = inf(aj ,bj) f
′(λ) > 0 then, for each j = 1, ..., N ,∣∣∣∣∣
∫ bj
aj
e−isλe−itf(λ)dλ
∣∣∣∣∣ ≤ 1s+ tf ′(b) + 1s+ tf ′(a) + t(s+ tcj)2
∫ bj
aj
|f ′′(λ)|dλ.
Hence, as t→∞,
‖TG˜(t, s)‖H ≤ C|t|−1
N∑
j=1
‖g˜j‖ ≤ C|t|−1 → 0
for any s > 0. By the dominated convergence theorem, ‖TG˜(t, ·)‖L2sH → 0 as t→∞. Thus,
lim sup
t→∞
‖Tw(t, ·)‖L2sH ≤ Cε.
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Since ε > 0 is arbitrarily small, we have ‖Tw(t, ·)‖L2sH → 0 as t→∞. Together with (A.8), this
implies (A.2) and thus completes the proof. 
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